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Abstract
A brief survey of fermion localization mechanism on a domain wall (thick brane)
generated by a topologically nontrivial vacuum configuration of scalar fields is given.
The extension of scalar fields interaction with fermions which supplies fermions
with an axial mass is proposed. For several flavors and generations of fermions
this extension can entail the Cabibbo-Kobayashi-Maskawa matrix of the Standard
Model. As well the model with two scalar doublets which provide a supplementary
CP violation mechanism is considered.
1 Introduction
The hypothesis that our universe is a four-dimensional space-time hypersurface (3-brane)
embedded in a fundamental multi-dimensional space [1, 2] has become popular basis for
models of Beyond the Standard Model physics [3]-[5], see, for example, the reviews [6]-[14]
and references therein. It is assumed that the extra dimensions size is large enough and
they can be, in principle, detected in terrestrial experiments planned in the near future
and/or in astrophysical observations.
Brane is often considered as an elementary geometrical object of a vanishing thickness.
However there is an alternative provided by an effective multi-dimensional field theory
[1]. The brane in this approach is a domain wall generated by background scalar and/or
gravitational fields [15]-[25] when their vacuum configuration has a non-trivial topology
(Section 3). The details of the localization of the matter on this domain walls may
provide important clues to the low energy physics. Among other possibilities it can play
an important role in fermion mass generation [26]-[35] (see Section 2). In this paper we
examine possible ways to introduce CP violation to an effective four-dimensional theory
by means of fermion localization mechanism. In Section 4 the generalization of the model
elaborated earlier in [20] with extra Yukawa vertices to provide fermions with complex
1
mass is presented. In the case of several flavors it allows to construct a mass matrix that
can be associated with the Cabibbo-Kobayashi-Maskawa (CKM) matrix of the Standard
Model. In Section 5 we also present the model with two scalar doublets that may provide
a new source of CP violation.
2 Fermion localization on a domain wall
Let us start with elucidating how to trap a fermion matter on a four-dimensional hyper-
plane, i.e. the domain wall (”thick brane”). The extra-dimension coordinate is assumed
to be space-like,
(Xα) = (xµ, y) , (xµ) = (x0, x1, x2, x3) , (ηαα) = (+,−,−,−,−)
while the subspace xµ corresponds to the four-dimensional Minkowski space. The extra-
dimension size is assumed to be infinite (or large enough). In this paper we neglect the
gravity and assume the bulk space-time to be flat. The fermion wave function obeys the
Dirac equation,
[ iγα∂
α − Φ(X) ]ψ(X) = 0 , γα = (γµ,−iγ5) , {γα, γβ} = 2ηαβ , (1)
with γα being a set of four-dimensional Dirac matrices in the chiral representation. The
trapping of light fermion states on a four-dimensional hyperplane – the domain wall –
the ”thick brane” can be provided by a topologically nontrivial background configuration
of the scalar field, 〈Φ(X)〉0 = ϕ(y), which provides the appearance of zero-modes in the
four-dimensional fermion spectrum. For the four-dimensional space-time interpretation,
(1) can be decomposed into the infinite set of fermions with different masses,
[ iγα∂
α + ϕ(y) ][ iγα∂
α − ϕ(y) ]ψ(X) ≡ (−∂µ∂µ − m̂2y)ψ(X) ;
m̂2y = −∂2y + ϕ2(y)− γ5ϕ′(y) = m̂2+PL + m̂2−PR , (2)
where PL,R =
1
2
(1±γ5) are projectors on the left- and right-handed states. Thus the mass
squared operator m̂2y consists of two chiral partners,
m̂2± = −∂2y + ϕ2(y)∓ ϕ′(y) = [−∂y ± ϕ(y) ][ ∂y ± ϕ(y) ] ; (3)
m̂2+ q
+ = q+ m̂2−, m̂
2
− q
− = q− m̂2+ , q
± ≡ ∓∂y + ϕ(y) . (4)
Due to such a supersymmetry [36, 37], for non-vanishing masses, the left- and right-handed
spinors in (4) form the bi-spinor describing a dim-4 massive Dirac particle which is, in
general, not localized at any point of the extra-dimension for asymptotically constant field
configurations ϕ(y). Such a spectral equivalence may be broken by a normalizable zero
mode of one of the mass operators m̂2±. This mode is read out of Eqs. (3) and (4),
q−ψ+0 (x, y) = 0 , ψ
+
0 (x, y) = ψL(x) exp
{
−
∫ y
y0
dwϕ(w)
}
, (5)
where ψL(x) = PLψ(x) is a free-particle Weyl spinor in the four-dimensional Minkowski
space. Evidently, if a scalar field configuration has the appropriate asymptotic behavior,
ϕ(y)
y→±∞∼ ±C±|y|ν± , Reν± > −1 , C± > 0 ,
2
then the wave function ψ+0 (x, y) is normalizable on the y axis and the corresponding left-
handed fermion is a massless Weyl particle localized in the vicinity of a four-dimensional
domain wall. The example of an appropriate topological configuration is realized by a
kink-like scalar field background (of possibly dynamical origin, see below),
ϕ+ = M tanh(My) . (6)
The two mass operators have the following potentials,
m̂2+ = −∂2y +M2
[
1− 2sech2(My) ] ; m̂2− = −∂2y +M2, (7)
and the left-handed normalized zero-mode is localized around y = 0,
ψ+0 (x, y) = ψL(x)ψ0(y) , ψ0(y) ≡
√
M/2 sech(My) . (8)
Evidently the threshold for the continuum is at M2 and the heavy Dirac particles may
have any masses m > M . The corresponding wave functions are spread out in the fifth
dimension. For light fermions on a brane one needs at least two five-dimensional fermions
ψ1(X), ψ2(X) in order to generate left- and right-handed parts of a four-dimensional
Dirac bi-spinor as zero modes. The required zero modes with different chiralities for
〈Φ(X)〉0 = ϕ+(y) arise when the two fermions couple to the scalar field Φ(X) with
opposite charges,
[ i 6∂ − τ3Φ(X) ]Ψ(X) = 0 , 6∂ ≡ γ̂α∂α , Ψ(X) =
 ψ1(X)
ψ2(X)
 , (9)
where γ̂α ≡ γα⊗12 are Dirac matrices and τa ≡ 14⊗σa, a = 1, 2, 3 are the generalizations
of the Pauli matrices σa acting on the bi-spinor components ψi(X). The next task is to
supply this massless particle with a light mass. As the mass operator mixes left- and right-
handed components of the four-dimensional fermion it is embedded in the Dirac operator
(9) with the mixing matrix τ1mf of the fields ψ1(X) and ψ2(X). If realizing the Standard
Model mechanism of fermion mass generation by means of dedicated scalars, one has to
introduce the second scalar field H1(X), replacing the bare mass τ1mf −→ τ1H1(X) in
the lagrangian density [20]. In this paper we generalize this mechanism to produce axial
fermion mass by introducing extra term τ2H2(X),
L(5)(Ψ¯,Ψ,Φ, H) = Ψ¯(i 6∂ − τ3Φ− τ1H1 − τ2H2)Ψ. (10)
Note that arbitrary τ3 rotation Ψ→ exp{iα2 τ3}Ψ corresponds to the chiral transformation
of the localized four-dimensional fermions ψ0(x, y) → exp{iα2γ5}ψ0(x, y). This transfor-
mation is equivalent to the rotation,
H1 → H1 cosα +H2 sinα, H2 → H2 cosα−H1 sinα. (11)
The phase α corresponds to the arbitrary phase factor that can be added to fermion
masses and Yukawa constants.
3
3 The formation of a brane in the model with two
scalar fields
In this Section we study the brane formation in the model with two scalar fields with a
potential admitting kink solutions. The model that was studied in detail in [20] possesses
a quartic O(2) symmetric self-interaction as well as quadratic terms for both scalar fields
providing soft breaking of O(2) symmetry,
L(5)scal = Z
(1
2
∂αΦ∂
αΦ +
1
2
∂αH∂
αH +M2Φ2 +∆HH
2 − 1
2
(
Φ2 +H2
)2)
. (12)
The normalization coefficient Z has dimension of a mass and is introduced to simplify the
equation structure.
We restrict ourselves to the background solutions not breaking 4D Lorentz invariance.
The classical Eqs. of motion take the form,
Φ′′ = −2M2Φ+ 2(Φ2 +H2)Φ, (13)
H ′′ = −2∆HH + 2(Φ2 +H2)H, (14)
Depending on the relation between the coupling constants M2 and ∆H there exist two
solutions of Eqs. (14) inhomogeneous in y which correspond to two phases: the phase
with vanishing v.e.v. of H and the phase with nonzero v.e.v. of H , with the second-order
phase transition at ∆H = M
2/2. The second phase under our interest corresponds to
M2/2 ≤ ∆H ≤M2, i.e. 2∆H =M2 + µ2, µ2 < M2, when
Φ(y) = ±M tanh (βy) , H(y) = ± µ
cosh (βy)
, β =
√
M2 − µ2. (15)
The second variation operator for scalar fields Φ and H can be written as,
D2X = −x −M2, (16)
where
(M2)ij = δij
[
−∂2y − 2∆i + 2SkSk
]
+ 4SiSj , S =
(
Φ(y)
H(y)
)
,∆ =
(
M2
∆H
)
(17)
is a mass operator that determines the spectrum of the scalar fluctuations Ωφ(x, y) and
Ωh(x, y).
If taking µ/M as a small perturbation parameter which controls the deviation from
the critical point µ = 0 the mass operator can be rewritten in the approximate form [20],
(Mˆ2)11 ≈ (−∂y + 2M tanh(My))(∂y + 2M tanh(My)) + 4µ2 tanh2(My),
(Mˆ2)22 ≈ (−∂y +M tanh(My))(∂y +M tanh(My)) + 4µ2sech2(My),
(Mˆ2)12 = (Mˆ2)21 ≈ 4µM tanh(My)sech(My) (18)
The scalar fluctuation spectrum consists of two localized states and the continuous spec-
trum of delocalized states with masses above 2M . The first localized state is a massless
4
Goldstone mode associated with translation symmetry breaking and can be obtained ex-
actly by differentiating the background fields Φ(y) and H(y) with respect to y ,
Ωφ =
√
3β
2(2M2 + µ2)Z
(
Msech2(βy)
−µ tanh(βy)sech(βy)
)
φ(x), ∂µ∂µφ = 0. (19)
The second state describes a light scalar particle. At the critical point it is a zero-mode
however for non-zero µ it gains a mass and its wave function can be written as,
Ωh =
√
M
2Z
(−µysech2(My)
sech(My)
)
h(x) +O
(
µ2
M2
)
, ∂µ∂µh = m
2
hh,
m2h = 2µ
2
(
1 +O
(
µ2
M2
))
. (20)
Notice that we neglected influence of gravity (its influence on the background fields was
studied in [38, 39]). It was shown earlier (see for example [24, 25]) that a mixing of the
scalar and graviscalar degrees of freedom may change the spectrum in the physical scalar
sector drastically. This leads to the absence of the translational Goldstone mode. On
the other hand the mass and the profile of wave function for light scalar state remain
the same at least in the leading order. Because at low energies the Goldstone mode is
decoupled and fermions interact only with the light massive scalar we assume that the
effects nonperturbative in gravitational constant do not make any influence on the results
presented further on.
4 Generation of complex mass for localized fermions
Let us consider the interaction of two five-dimensional fermions to the background scalar
doublet described in the previous section,
Lf =
(
Ψ1
Ψ2
)†
γ0
(
iγα∂
α − gAΦτ3 − g1Hτ1 − g2Hτ2
)(Ψ1
Ψ2
)
. (21)
To study the four-dimensional physics we decompose the fields into the infinite set of
fermions with certain 4D mass,(
Ψ1
Ψ2
)
=
∑
m
(
F
(m)
1L (y)
F
(m)
2L (y)
)
ψ
(m)
L (x) +
(
F
(m)
1R (y)
F
(m)
2R (y)
)
ψ
(m)
R (x). (22)
The profile functions of variable y can be represented as the superposition of the two sets
of solutions,
F1L ≡ FL, F1R ≡ FR, F2L = ∓F ∗R, F2R = ±F ∗L. (23)
These two solutions can be related to each other by the chiral transformation ψ → γ5ψ.
In general, changing of the profile functions phase is equivalent to the chiral rotation of
fermions.
Eqs. on these profile functions read,
(∂y + gAΦ)FL − (g1 − ig2)HF ∗R = mfFR; (24)
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(−∂y + gAΦ)FR + (g1 − ig2)HF ∗L = m∗fFL. (25)
Assuming that the parameter µ/M ≡ ǫ ≪ 1 we can treat the term with H as a
perturbation,
(∂y + gAΦ)F
(0)
L = (m
(0)
f )
∗F
(0)
R , (−∂y + gAΦ)F (0)R = m(0)f F (0)L . (26)
Then at zero order in ǫ there is no a localized solution with nonzero FR,
F
(0)
L = Nsech
gAM
β (βy), F
(0)
R = 0, m
(0)
f = 0; (27)
N =
√
βΓ(p+ 1
2
)√
πΓ(p)
, p ≡ gAM
β
, (28)
where Γ(p) is a gamma function. It is easy to see that FL is an even function while FR
is odd. Multiplying (25) by (F
(0)
L )
∗, integrating it from −∞ to +∞ and assuming that
both FL and FR are localized we obtain the leading-order fermion mass,
m
(1)
f = (g1 + ig2)
∫ +∞
−∞
dy|F (0)L |2H∫ +∞
−∞
dy|F (0)L |2
= (g1 + ig2)µ
∫ +∞
−∞
dy sech2p+1(βy)∫ +∞
−∞
dy sech2p(βy)
=
= (g1 + ig2)µ
(
Γ(p+ 1
2
)
)2
Γ(p)Γ(p+ 1)
. (29)
For the physics on a brane at energies much lower thanM only the lightest localized states
are relevant. The effective lagrangian up to quadratic order in scalar field fluctuations
takes the form,
Llow = 12∂µφ∂µφ+ 12∂µh∂µh−
m2
h
2
h2 +
+iψ¯γµ∂µψ −
[
ψ†R(mf + gφφ+ ghh)ψL + h.c.
]
. (30)
The Yukawa constant for Goldstone boson φ vanishes from symmetry considerations,
gφ =
∫ +∞
−∞
dy (2F ∗RFLΩφ,Φ + (|FL|2 + |FR|2)Ωφ,H)∫ +∞
−∞
dy(|FL|2 + |FR|2)
= 0. (31)
The light scalar state plays the role of a Higgs-like boson with the Yukawa constant,
gh =
∫ +∞
−∞
dy (2F ∗RFLΩh,Φ + (|FL|2 + |FR|2)Ωh,H)∫ +∞
−∞
dy(|FL|2 + |FR|2)
=
=
√
M
2Z
(g1 + ig2)
(
Γ(p+ 1
2
)
)2
Γ(p)Γ(p+ 1)
+O(ǫ2) =
√
M
Z
mf
mh
, (32)
where ǫ ≡ µ/M . In the case of one flavor the phase factor of both the mass and the
Yukawa constant can be always removed by the chiral transformation ψ → eiθγ5ψ. This
model can be easily generalized to include several flavors,
Lf =
nf∑
m,n=1
(
Ψm,1
Ψm,2
)†
γ0
(
iγα∂
αδmn − gmn,AΦτ3 − gmn,1Hτ1 − gmn,2Hτ2
)(Ψn,1
Ψn,2
)
. (33)
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Because the coupling constants admit mixing of different flavors we have to introduce the
mass matrix Mmn which can be connected with the CKM matrix of the Standard Model.
Eqs. on profile functions read,
nf∑
n=1
[
(∂yδmn + gmn,AΦ)Fn,L − (gmn,1 − igmn,2)HF ∗n,R
]
=
nf∑
n=1
MmnFn,R; (34)
nf∑
n=1
[
(−∂yδmn + gmn,AΦ)Fn,R + (gmn,1 − igmn,2)HF ∗n,L
]
=
nf∑
n=1
(M †)mnFn,L, (35)
and the low energy lagrangian becomes as follows,
Llow = 12∂µφ∂µφ+ 12∂µh∂µh−
m2
h
2
h2 +
+i
nf∑
m=1
ψ¯mγ
µ∂µψm −
nf∑
m,n=1
[
ψ†mR(Mmn + gmn,φφ+ gmn,hh)ψnL + h.c.
]
. (36)
If the Yukawa constant for the kink Φ(y) is universal gmn,A = gA then F
(0)
n,L is the same for
all flavors and there is a simple relation between the leading orders for the mass matrix
and Yukawa constants,
Mmn ≃ (gmn,1 + igmn,2)µ
(
Γ(p+ 1
2
)
)2
Γ(p)Γ(p+ 1)
, gmn,h ≃
√
M
Z
Mmn
mh
. (37)
5 Model with two scalar doublets and CP-violation
Let us consider now a model with two independent scalar doublets with v.e.v.’s described
in Sec.3. We restrict ourselves by the following toy-model with particular fermion cou-
plings,
L5 =
(
Ψ1
Ψ2
)†
γ0
(
iγα∂
α − (g1AΦ1 + g2AΦ2)τ3 − g1H1τ1 − g2H2τ2
)(Ψ1
Ψ2
)
+
+Z1
(
1
2
∂αΦ1∂
αΦ1 +
1
2
∂αH1∂
αH1 +M
2
1Φ
2
1 +∆1H
2
1 − 12
(
Φ21 +H
2
1
)2)
+
+Z2
(
1
2
∂αΦ2∂
αΦ2 +
1
2
∂αH2∂
αH2 +M
2
2Φ
2
2 +∆2H
2
2 − 12
(
Φ22 +H
2
2
)2)
. (38)
Because the scalar doublets are independent they can form kinks at different positions
y − a and y + a,
Φ1 =M1 tanhβ1(y − a), H1 = µ1sechβ1(y − a), (39)
Φ2 =M2 tanh β2(y + a), H2 = µ2sechβ2(y + a). (40)
Note that different values of the couplings (including the Yukawa constants) lead to
the asymmetry of fermion profiles. For simplicity we assume that β1 = β2 ≡ β and
µ1/M1, µ2/M2, βa ∼ ǫ≪ 1.
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The equations on the fermion profile functions take the form,
(∂y + g1AΦ1 + g2AΦ2)FL − (g1H1 − ig2H2)F ∗R = mfFR; (41)
(−∂y + g1AΦ1 + g2AΦ2)FR + (g1H1 − ig2H2)F ∗L = m∗fFL. (42)
The calculation similar to what was done in the previous Section yields the following
result,
FL =
√
βΓ(p˜+ 1
2
)√
πΓ(p˜)
sechp˜(βy) +O(ǫ), F
(0)
R = O(ǫ), (43)
mf = (g1µ1 + ig2µ2)
(
Γ(p˜+ 1
2
)
)2
Γ(p˜)Γ(p˜+ 1)
·
(
1 +O(ǫ)
)
= |mf |eiθ, (44)
p˜ ≡ g1AM1 + g2AM2
β
, tan θ =
g2mh2
g1mh1
. (45)
The scalar sector at low energies includes two massless Goldstone bosons and two light
scalars,
Llow = 12∂µφ1∂µφ1 + 12∂µh1∂µh1 −
m2
h1
2
h21 +
+1
2
∂µφ2∂
µφ2 +
1
2
∂µh2∂
µh2 − m
2
h2
2
h22 +
+iψ¯γµ∂µψ −
[
ψ†R(mf + gφ1φ1 + gφ2φ2 + gh1h1 + gh2h2)ψL + h.c.
]
. (46)
The Goldstone bosons decouple from fermions in the lowest orders in ǫ at least up to
O(ǫ3). The leading order of light-scalar Yukawa couplings takes the following form,
gh1 ≃ cos θ
√
M1
Z1
|mf |
mh1
, gh2 ≃ i sin θ
√
M2
Z2
|mf |
mh2
. (47)
While the phase factor of the fermion mass can be removed by the chiral transformation
ψ → exp
(
−iγ5 θ2
)
ψ the Yukawa coupling constants remain complex providing the new
source of CP violation in addition to the complex phase factor of the CKM matrix,
g˜h1 ≃ (cos2 θ − i sin θ cos θ)
√
M1
Z1
|mf |
mh1
, (48)
g˜h2 ≃ (sin2 θ + i sin θ cos θ)
√
M2
Z2
|mf |
mh2
. (49)
6 Discussion
We have presented the mechanisms of inducing CP violation in some models of fermions
localized on a domain wall (”thick brane”). The model with one scalar doublet mostly
reproduces the Standard Model. Note however that the simple relation (37) between
coupling constants and masses holds only in the leading order of µ/M when different
flavors have the same profile function. A more substantial deviation from the Standard
Model may come from the non-universality of the gA constant. The model with two
8
scalar doublets provides an extra source of CP violation from different phases of two
Higgs-like scalars Yukawa constants. This paper was focused only on fermion localization
mechanism. The gauge boson couplings and experimental implications of these models
are left aside for further investigation.
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